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Abstract: We show the existence of eﬃcient hedge strategies for an
investor facing the problem of a lack of initial capital for implementing a
(super-) hedging strategy for an american contingent claim in a general in-
complete market. For the optimization we consider once the maximization of
the expected success ratio of the worst possible case as well as the minimiza-
tion of the shortfall risk. These problems lead to stochastic games which do
n o tn e e dt oh a v eav a l u e .W ep r o v i d ea ne x a m p l ef o rt h i si naC R Rm o d e l
for an american put. Alternatively we might ﬁx a minimal expected success
ratio or a boundary for the shortfall risk and look for the minimal amount
of initial capital for which there is a self-ﬁnancing strategy fulﬁlling one or
the other restriction. For all these problems we show the optimal strategy
consists in hedging a modiﬁed american claim ϕH := {ϕtHt}t∈T for some
“randomized test process” ϕ.
Key words: partial hedging, eﬃcient hedging, expected loss, american
claims, incomplete markets, dynamic measures of risk.
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11 Introduction
For the seller of an American contingent claim there exists a minimal amount
of initial capital, which ensure him to follow a self-ﬁnancing trading strategy
to hedge any liability without risk. If the claim is attainable this minimal
amount coincides with the unique arbitrage-free price ( this is true for a
complete as well as for an incomplete market) and for an unattainable claim
the minimal amount required is not longer an arbitrage-free price. The ex-
clusion of any opportunity of making a proﬁt by the use of a perfect hedge
for an attainable European claim beside the forbiddingly high price for a
superreplication for some unattainable claims1 led to the consideration of
partial hedging as a way of overcome this problem. The main idea is to
ﬁnd an “optimal” strategy with an initial capital strictly less than the price
of the (super-) hedging strategy. The early attempt to provide some objec-
tive function led to the search of an strategy with maximal probability of
a successful hedge under the objective measure P for a given constraint on
the required cost. Such an approach is known today as quantile hedging.
For research work dedicated to this problem see Schwarz (1996), Karatzas
(1997), Cvitani´ c (1999), Föllmer and Leukert (1999), Novikov (1999), Spivak
and Cvitani´ c (1999), and Krutchenko and Melnikov (2001). On the way of
searching for such an optimal quantile hedge, Föllmer and Leukert (1999)
introduced the expected success ratio as a concept which take into account
the size of the shortfall, but it does not take into consideration the investor’s
attitude towards the shortfall. In order to amend this drawback Föllmer
and Leukert (2000) propose to describe the investor’s attitude towards the
shortfall in terms of a loss function l .T h es h o r t f a l lr i s ki st h e nd e ﬁned as
the expectation of the shortfall weighted by the loss function. By means of a
reduction of the optimization problem to a hypothesis testing one they show
the existence of a solution in the general case of a semimartingale model.
For a complete market it is possible to get a representation of the solution
using the Neyman-Pearson lemma for a linear as well as for a strict convex
loss function. For the more involved case of an incomplete market they use
convex duality, but the results relay on the strict convexity of the loss func-
tion see Leukert (1999). The linear case l(x)=x for a complete market in
a model driven by a Brownian motion under the further condition of model
uncertainty is considered by Cvitani´ c and Karatzas (1999), for the incom-
1See Eberlein and Jacod (1997) and Bellamy and Jeanblack (2000) for this respect.
2plete case under additional constraint on the strategies in Cvitani´ c (2000),
and in a general semimartingale model in Xu (2004). See also Pham (2000)
for lower partial moments l(x)=xp/p in a general discrete time setting and
Guasoni (2002), Mnif and Pham (2001), Nakano (2003), Nakano (2004a),
Nakano (2004b), Pham (2002), Schulmerich and Trautmann (2003) for re-
lated problems and extensions.
Now the natural questions arise: Is there such an eﬃcient hedge for the
case of American claims? Could we reduce in some way the solution of the
problem for American claims to the obtained solution for European claims?
The answer to the ﬁrst question is aﬃrmative but for the second as we could
expect is not. Both of them are the main contributions of our work.
The paper is organized as follows: Section 2 provides the model framework
and the formulation of the problems. Section 3 presents the existence of
the solution of the problems we are facing. Using a necessary condition for
a minimax theorem given by Ky Fan (1953), we compute in Section 4 an
example for the existence of a duality gap for the stochastic game induced
by the maximization of the expected success ratio for a partial hedge of an
American put option.
2 Model framework and formulation of the
problems
We shall work throughout this paper within the context of a discrete time
ﬁnancial market M =( Ω,F,P,T,S,F),w h e r e(Ω,F,P,F) is a complete ﬁl-
tered probability space, S = {St}t∈T is an R
d+1
+ -valued asset price process
over the time set T = {0,1,2,...,T} and adapted with respect to the ﬁltra-
tion F = {Ft}t∈T. Ap r e d i c t a b l e ,Rd+1-valued process ξ = {ξt}t∈T is called
a (trading) strategy and Vt (ξ): =ξ
tr
t · St deﬁne the value process. We
shall be concerned with self-ﬁnancing strategies, that is Vt (ξ)=V0 (ξ)+ Pt
k=1 ξ
tr
k (Sk − Sk−1), which are also admissible in the following sense: Vt (ξ) ≥
0 ∀t ∈ TP -a.s.. Let A denote the set of self-ﬁnancing and admissible strate-
gies. Further assume that the ﬁrst component of the price process S0 is a
numéraire by taking2 S0
0 =1and S0
t > 0 P-a.s. for all t. For the discounted





0 := 1 is just for calculate in units of the initial value of the numéraire
but mathematically irrelevant.
3vt (ξ): =Vt (ξ)/S0
t denote the discounted price of the ith-asset and the value
process at time t respectively. Furthermore let P denote the set of equivalent
martingale measures (i.e. Q ∈ P ⇔ {si
t}t∈T is a Q-martingale for i =0 ,...,d
and Q ≈ P) and assume P 6= ∅, thus we are dealing with an arbitrage free
market model. Assuming P 6= ∅ indicates that we do not restrict ourselves to
the case of a complete market, and we are working in a general no complete
market that includes the completeness as a special case.
L e ta nA m e r i c a nc o n t i n g e n tc l a i mH = {Ht}t∈T be given by a non-
negative adapted process such that h is a P-integrable process, i.e. ht ∈
L1 (Q) ∀t ∈ T ∀Q ∈ P. For the rest of this paper we assume a speciﬁed H.
Standard arbitrage pricing theory gives an interval Π(H) of arbitrage free
prices with endpoints Π↓ (H) ≤ Π↑ (H) given by
Π




















where T is the set of stopping times with values in T.A nA m e r i c a nc o n t i n -
gent claim is called attainable if there is a stopping time τ and a strategy
ξ ∈ A with Vt (ξ) ≥ Ht ∀t ∈ T and Vτ (ξ)=Hτ. Actually for this concept
we do not need the restriction to stopping times, we might consider FT-
measurable random times σ see Föllmer and Schied (2002) page 276 . We









the interval is a point). Otherwise we have Π↑ (H) / ∈ Π(H) and Π↑ (H) is
the minimal amount needed to implement a superhedging strategy b ξ,w h i c h
we call a minimal superhedge.
For the special case of an European contingent claim Ht := G1{T} (t)
with g := G/S0
T ∈ L1
+ (Q) for all Q ∈ P, the question what to do in case
the investor (the writer of the claim) is unable to provide the amount Π↑ (H)
or he just like to confront some risk, has being attended in the past years
by several authors as mentioned before. Mainly two class of optimal criteria
have being study. One in which the expected success ratio is maximized
and the other where the shortfall risk is minimized. For details of this, in a
discrete time setting see Föllmer and Schied (2002). The extension of both
optimal criteria to American contingent claims is straightforward. For an
4admissible strategy ξ ∈ A we deﬁne the success ratio process of ξ by
ϕ
ξ







If the investor has only an amount C<Π↑ (H) to his disposal, he would
like to search over all strategies ξ ∈ A with V0 (ξ) ≤ C one with maximal
expected success ratio on the worst possible situation. He is then interested















V0 (ξ) ≤ C.
. (1)
Instead we might ﬁx a minimal expected success ratio and to determine the
least amount of initial capital for which there is a strategy fulﬁlling this
restriction.
In Problem (1), as for the European counterpart, the attitude of the
investor toward the shortfall (Hτ − Vτ (ξ))
+ is not taken into account. To
this end we introduce, as in Föllmer and Leukert (2000), a loss function
l which describes the investor attitude and assume l to be an increasing,
convex function on [0,∞) with l(0) = 0,l (Ht) ∈ L1 (P) for t ∈ T,a n d
l(ht) ∈ L1 (Q) for t ∈ T and Q ∈ P. Now as for the preceding setting the




≤ C,w h i c h






(Hτ − Vτ (ξ))
+¢¤
. Thus













(Hτ − Vτ (ξ))
+¢¤¶
u.c.
V0 (ξ) ≤ C
(2)
Alternatively, we can impose a ﬁxed boundary for the shortfall risk and to
look for the minimal budget which allows us to buy a strategy with a shortfall
risk less or equal to such ﬁxed boundary. We devote the next section to show
the existence of optimal strategies for American contingent claims in each of
the four problems described.
53O n t h e e x i s t e n c e o f a n e ﬃcient hedge
3.1 Maximizing the expected success ratio
Let us deﬁne by R the class of adapted processes with values in [0,1] i.e.
R :=
©
ϕ = {ϕt}t∈T : ϕt ∈ [0,1] and Ft-measurable ∀t ∈ T
ª
.
T h ee l e m e n t so fR will be referred as test processes. For the given American
claim H deﬁne the convex subclass
R0 :=
½




EQ [hτϕτ] ≤ C
¾
.
In addition for an arbitrary ϕ ∈ R we deﬁne an ϕ-adjustment of our original
claim by b Ht := Htϕt.N o w l e t z := {zt}t∈T be the upper Snell envelope of
the discounted adjusted claim b ht ≡ b Ht/S0









where T [t,T]: ={τ ∈ T : τ ≥ t} is the set of stopping times τ ∈ T with
values in T greater or equal to t. Using the uniform Doob decomposition
for the P-supermartingale z, we obtain a self-ﬁnancing strategy b ξ and an
increasing adapted process a = {at}t∈T with a0 =0 , such that holds





k (sk − sk−1) − at,




. This is the standard procedure to obtain
the minimal superhedge for an american contingent claim. Thus in particular









tb ht = Htϕt ≥ 0
and hence is the strategy b ξ admissible.
Using the P-a.s. convergence of convex combinations, see Lemma A.1.1.
in Delbaen and Schachermayer (1994), we get for an arbitrary sequence
{ϕn}n∈N ⊂ R0 a sequence {b ϕ
n}n∈N ⊂ R0 of convex combinations b ϕ
n ∈
6conv(ϕn,ϕn+1,...) which converges P-a.s. to some b ϕ ∈ R0. Indeed the
lemma ensures the existence of the sequence {b ϕ
n}n∈N with b ϕ
n ∈ conv (ϕn,ϕn+1,...)
converging P-a.s. to some b ϕ.B u t R0 is convex thus b ϕ
n ∈ R0 ∀n ∈ N and
using Fatou we get ﬁnally for any stopping time τ ∈ T and Q ∈ P




and thus {b ϕt}t∈T ∈ R0.
As for the case of an European claim, see Föllmer and Leukert 1999, we
will see that the solution of the problem (1) is related to the existence of
some test process which is optimal in the following sense.






ϕ ∈ R0 ≡
©




has a solution, i.e. there exist a b ϕ ∈ R0 with infτ∈T E[b ϕτ]=m a x ϕ∈R0 (infτ∈T E[ϕτ]).
Proof. For ϕ ∈ R deﬁne F (ϕ): =i n f τ∈T E[ϕτ].L e tϕn ∈ R0 be a strict





As discussed before for such {ϕn}n∈N there is a sequence {b ϕ
n}n∈N ⊂ R0
of convex combinations b ϕ
n ∈ conv (ϕn,ϕn+1,...) which converges P-a.s.
to some b ϕ ∈ R0. We need only to observe that for an arbitrary η ∈ T




≥ limn→∞ (infτ∈T E[ϕn
τ]) =




≥ supϕ∈R0 (infτ∈T E[ϕτ]),
hence F (b ϕ)=m a x ϕ∈R0 F (ϕ).
Remark 2 Let b ϕ be a solution of the problem (3) and deﬁne now
ϕt := b ϕt1{Ht>0} + 1{Ht=0}.









EQ [Hτb ϕτ] ≤ C











Therefore we can assume without lost of generality that b ϕt =1on {Ht =0 }
∀t ∈ T. These show by the way that the solution in (3) is not unique.
Remark 3 Every process ϕ ∈ R0 with ϕt ≥ b ϕt ∀t ∈ T is also a solution of
the problem (3).
Theorem 4 Let b ϕ be a solution of the problem (3), then a minimal super-
hedge b ξ for the adjusted American claim b Ht := Htb ϕt fulﬁlls the following
properties:
(i) b ξ is a solution to the problem (1).
(ii) For the success ratio process ϕ
b ξ of the strategy b ξ we have ϕ
b ξ
t ≥ b ϕt for
t ∈ T, ϕ
b ξ
t is also a solution of the problem (3), and the optimal value of both
problems are identical i.e. inf
τ∈T









Proof. 1) Let ξ be an admissible strategy with V0 (ξ) ≤ C and τ ∈ T
an arbitrary stopping time. Using Doob’s Stopping Theorem on the Q-







= EQ [vτ (ξ) ∧ hτ] ≤ EQ [v0 (ξ)] ≤ C,












2) Consider now a minimal superhedge b ξ for the adjusted American claim
b Ht ≡ Htb ϕt. For the corresponding success ratio process ϕ
b ξ we have
Htϕ
b ξ




≥ Ht ∧ (Htb ϕt)=Htb ϕt,
and thus ϕ
b ξ





and b ϕt ≤ 1 anyway (or as in Remark 2 b ϕt =1on {Ht =0 }). Therefore we
have ϕ
b ξ
t ≥ b ϕt and from Remark 3 follows immediately that the success ratio
8of an optimal strategy for problem (1) is also a solution of problem (3). Part
1) yields ﬁnally inf
τ∈T









For a general semimartingale model the proof of such a result relay on
almost the same idea, only the details are more involved. Such a proof will
appear elsewhere.
3.2 Minimizing the cost for a given expected success
ratio
N o ww ew a n tt od e v o t eo u ra t t e n t i o nt ot h ef o l l o w i n gp r o b l e m .F o raﬁxed
ε ∈ (0,1) we look for the minimal initial capital which ensures an expected
















≥ 1 − ε.
(4)
We can also reduce this problem to the search of a randomized test pro-
cess, which is optimal in some sense.






supQ∈P supτ∈T EQ [hτϕτ]
¢
u.c.
infτ∈T E[ϕτ] ≥ 1 − ε
(5)
has a solution, i.e. there is a b ϕ ∈ Rε := {ϕ ∈ R :i n f τ∈T E[ϕτ] ≥ 1 − ε}
with supQ∈P supτ∈T EQ [hτb ϕτ]=m i n ϕ∈Rε
¡
supQ∈P supτ∈T EQ [hτϕτ]
¢
.
Proof. Denote by F (ϕ): =s u p Q∈P supτ∈T EQ [Hτϕτ]. Let ϕn ∈ Rε
be a sequence such that F (ϕn) ↓ infϕ∈Rε F (ϕ). Then there is a sequence
{b ϕ
n}n∈N ∈ Rε of convex combinations b ϕ
n ∈ conv (ϕn,ϕn+1,...) which con-
verges to some b ϕ ∈ Rε P-a.s. . Finally observe that for an arbitrary η ∈ T





































hence F (b ϕ)=m i n ϕ∈Rε F (ϕ).
Theorem 6 Let b ϕ be a solution of the problem in the Proposition (5), then
a minimal superhedge b ξ for the adjusted American claim b Ht := Htb ϕt has







≥ 1 − ε .
Furthermore ϕ
b ξ ≥ b ϕ.





≥ 1 − ε, then
ϕξ fulﬁlls the restriction on problem (5) and therefore we get

























≥ Ht ∧(Htb ϕt)=Htb ϕt and thus ϕ
b ξ
t ≥ b ϕt on
{Ht > 0}. But on {Ht =0 } we have ϕ
b ξ




Ht =1and b ϕt ≤ 1 anyway.
Therefore ϕ
b ξ
t ≥ b ϕt.
3.3 Minimizing the shortfall risk
In this section we assume that our investor wants to weight the possible
shortfall (Hτ − Vτ (ξ))
+ at time τ using a loss function l, which is taken to
be deﬁned on [0,∞) with l(0) = 0, increasing and convex to reﬂect risk
aversion. Further we assume l(Ht) ∈ L1 (P) and l(ht) ∈ L1 (Q) for t ∈ T







(Hτ − Vτ (ξ))
+¢¤
, while not using more capital than C. Thus













(Hτ − Vτ (ξ))
+¢¤¶
u.c.
V0 (ξ) ≤ C
10Similarly to the case of maximization of the expected success ratio it is
possible to reduce this problem to the following optimization problem for
test processes.




infϕ∈R (supτ∈T E[l((1 − ϕτ)Hτ)])
u.c.
supQ∈P supτ∈T EQ [hτϕτ] ≤ C
. (6)
Proof. Follow the same idea as for the proof of Proposition 1 and use
the convexity of l.
Remark 8 Let b ϕ be a solution of the problem (6) and deﬁne now
ϕt := b ϕt1{Ht>0} + 1{Ht=0}.
It is easy to see that ϕ ∈ R0 a n di ti sam i n i m u ma sw e l l .
Theorem 9 A minimal superhedge b ξ for the adjusted American claim b Ht :=

























(Hτ − Vτ (ξ))
+¢¤¶
u.c.




t ≥ b ϕt for t ∈ T, ϕ
b ξ is a solution of problem (6) and the















E[l((1 − b ϕτ)Hτ)].
Proof. 1) Let ξ be an admissible strategy with V0 (ξ) ≤ C, τ ∈ T an
arbitrary stopping time, and Q ∈ P arbitrary ﬁxed. Using Doob’s stopping







= EQ[hτ ∧ vτ (ξ)] ≤ EQ [vτ (ξ)] = EQ[v0 (ξ)] ≤ C,
11thus ϕξ satisﬁes the constraint in (6). Further observe that
(Hτ − Vτ (ξ))
































E[l((1 − b ϕτ)Hτ)].
2) Consider now a minimal superhedge b ξ of the adjusted American claim
b Ht ≡ Htb ϕt. For the corresponding success ratio process ϕ
b ξ we have
Htϕ
b ξ




≥ Ht ∧ (Htb ϕt)=Htb ϕt,
and thus ϕ
b ξ







and b ϕt ≤ 1 anyway. Clearly ϕ
b ξ satisﬁes the conditions of problem (6). Using
the step 1) we get that ϕ















E[l((1 − b ϕτ)Hτ)].
3.4 Minimizing the cost for a given shortfall risk
We want to devote our attention now to the existence of an admissible strat-
egy b ξ ∈ A with minimal cost under all strategies with shortfall risk less than
















As expected we can reduce this problem to the solution of the next one.
Proposition 10 The problem

   













E[l((1 − ϕτ)Hτ)] ≤ ε
(8)
has a solution.
12Proof. Use the same argument as for the proof of Proposition 5 and the
convexity of l.
Theorem 11 Let b ϕ be a solution to the problem (8) in the former Proposi-
tion. A minimal superhedge b ξ for the adjusted American claim b Ht ≡ Htb ϕt
has minimal cost under all admissible strategies ξ, which shortfall risk does







(Hτ − Vτ (ξ))
+¢¤
≤ ε.






(Hτ − Vτ (ξ))
+¢¤
≤ ε
we have that the corresponding success ratio process ϕξ fulﬁlls the constraint
in (8) and thus



















4D u a l i t y G a p
Let X and Y be nonempty sets and f : X × Y −→ R a real valued function
over the Cartesian product X × Y. A minimax theorem is a theorem which










We were already witnesses of such a minimax result in the expresion for
Π↓ (H). The original motivation for the study of minimax theorems was von
Neumann’s work on games of strategy von Neumann (1928), there X and Y
are nonvoid strategy sets of two players, and f : X × Y −→ R the payoﬀ
function. If player 1 chooses the strategy x ∈ X and player 2 chooses y ∈ Y,
each choice made in complete ignorance of the other, the player 2 pays the
probably negative amount f(x,y) to player 1. The triplex Γ := (X,Y,f)











13denote the lower game value and the upper game value. The inequality
f∗ 5 f∗ is always true. The game is called strictly determined if and only if
f∗ = f∗ otherwise we speak about a duality gap. Suﬃcient conditions for a
minimax theorem have been in the focus of interest since the ground-breaking
work of von Neumann. Nevertheless one of the earliest inﬁnite dimensional
result given by Ky Fan in 1953 was precisely an equivalence relation, much
less attention has been paid to necessary conditions. The works of Forgó
and Joó (1997); Kindler (1990), Kindler (1993); Kindler and Trost (1989);
Parthasarathy (1965); Takahashi (1976) and Terkelsen (1972) are among the
few addressing the problem. We will use the Theorem 1 page 42 of Fan
(1953) which established the following result
Theorem 12 (Ky Fan 1953)
Let X and Y be two compact Hausdorﬀ spaces and f(·, ·):X × Y → R a
real valued function deﬁned on X × Y. Suppose that, for every y ∈ Y,
f(·,y):X → R is lower semicontinuous (l.s.c.) on X;a n df o re v e r yx ∈ X,










holds, if and only if the following condition is satisﬁed: For any two ﬁnite
sets {x1,x 2,...,x m} ⊂ X and {y1,y 2,...,y n} ⊂ Y,t h e r ee x i s tx0 ∈ X and
y0 ∈ Y such that for all i =1 ,2,...,m and j =1 ,2,...,nwe have
f(x0,y j) 5 f(xi,y 0). (KF)
4.1 Identiﬁcations for a CRR model
Since Cox, Ross, and Rubinstein (1979) showed the convergence of the price
formula they derived in a discrete setting to the Black & Scholes formula for
the price of an European contingent claim in a continuous setting see Black
and Scholes (1973), the CRR models established as an excellent “laboratory”
for proving ideas in ﬁnance. A CRR model assumes two underlying assets
a n dad i s c r e t et i m es e tT = {0,1,2,...,T}.T h eﬁrst underlying S0
t is free of




t for t =0 ,1,...,T and R>1.
14We might think {S0
t}t∈T as a bank account or a bond paying a ﬁxed interest
rate in each time interval. Otherwise the second component is subject to










0 > 0 is a constant starting value and {Y1,...,Y T} are i.i.d. random
variables with distribution
P[Yt = u]=p =1− P[Yt = d],
where p ∈ (0,1) and u>R>1 >d>0 ( in order to ensure completeness
of the market model). This assumptions lead us to consider the following
canonical random space
Ω = {0,1}




z (1 − p)




Yt (ω)=uωt + d(1 − ωt) t ∈ {1,2,...,T},
we have all the needed random variables for our model. Finally for a complete
speciﬁcation of the model we take F := {Ft} with F0 := {∅,Ω} and
Ft := σ(Y1,...,Yt) t ∈ {1,2,...,T}.
For the rest of this section we are being considering in a CRR model
with T =2the question about the existence of a duality gap for the game
brought on by the maximization of the success ratio from a partial hedge of
an American put option i.e. we are being interested on the possibility of an










As usual in a discrete stochastic model we identify random variables and
stochastic processes with vectors in a ﬁnite dimensional vector space Rn. For a
CRR model with T =2we have Ω = {ω1,ω2,ω3,ω4} and F ={F0,F1,F2,} where
15F0 := {∅,Ω}, F1 := {∅,{ω1,ω2},{ω3,ω4},Ω} and F2 := 2Ω. Therefore ev-
ery adapted process X := {X0,X 1,X 2} can be identiﬁed with a vector a ∈ R7
with component representing the value of the process at each atom, thus for
ω ∈ Ω we have
X0(ω)=a1 ,X 1(ω)=
½
a2 if ω ∈ {ω1,ω2}




a4 if ω = ω1
a5 if ω = ω2
a6 if ω = ω3
a7 if ω = ω4
.
Therefore we have a bijection between R7 and the space of adapted processes.




7 : yi ∈ [0,1] ∀i ∈ {1,2,...,7}
ª
.
The American claim H := {H0,H 1,H2} will then be identiﬁed with a vector
D ∈ R7 with Di = 0 ∀i ∈ {1,2,...,7}. Stopping times τ ∈ T are random vari-
ables and thus following the same kind of idea up to now, it will be enough to
represent then with vectors in R4 namely as τ →
¡
τ (ω1) τ (ω2) τ (ω3) τ (ω4)
¢
.
The measurability condition for a stopping time {τ = t} ∈ Ft for t =0 ,1,2




















































Due to our interest in the value of a process at time τ, will be more advisable
to consider for a stopping time the process Xt := 1{τ=t} (ω) t =0 ,1,2.




Therefore we use instead of the stopping times the corresponding identiﬁca-


























16For forthcoming calculations we will need the following diagonal matrices P
and Q with (diag(P))
tr := (P[Ω],P[ω1,ω2],P[ω3,ω4],P[ω1],P[ω2],P[ω3],P[ω4])
and (diag(Q))
tr := (Q[Ω],Q[ω1,ω2],Q[ω3,ω4],Q[ω1],Q[ω2],Q[ω3],Q[ω4]),w h e r e
P and Q are the market probability measure and the unique equivalent mar-




Afterwards we map the discounted American option h = {h0,h 1,h 2},w h e r e
h0 := H0,h 1 :=
H1
R and h2 :=
H2


















Further deﬁne a diagonal matrix A as A := diag(d). By mean of which we
have using our identiﬁcations
EQ[ϕτihτi]=( y)
trAQxi.
Thus the set of relevant randomized test processes can be identiﬁed by means
of the bijection
R0 ←→ Y :=
©
y ∈ Y :( y)
trAQxi 5 Ci =1 ,2,...,5
ª
.















In that setting the proof of the existence of an optimal test process is obvious.
Having this we turn to the central question of this section. Is there or is there












4.2 On the existence of a duality gap
17First of all observe that the upper value of the game f∗ ≡ minX maxY f(x,y),
where f(x,y): =( y)trPx, can be computed in two stages due to the ﬁnite-
ness of X.I naﬁrst step we ﬁx a stopping time xi i =1 ,...,5 and solve the
corresponding linear program

     





0 5 yi 5 1 ∀i =1 ,...,7
where bi := Px i ∈ R7,E:=









   

QA ∈ R5×7 and c :=









   

∈ R5.
This lead us to maximize continuous functions over a compact set, where as
it is well known we have for granted the existence of an optimal solution y∗
i
and we will denote the corresponding value by zi := (bi)try∗
i. After computing
the ﬁve linear program we have f∗ =m i n ( z1,z 2,...,z 5). On the contrary,
the lower value f∗ leads to a nonlinear optimization problem given by the
maximization of g(y): =m i n x²X(y)trPx. Fortunately we will not face the
solution of this problem since the Fan’s Theorem give us all the needed ana-
lytical coverage. Let us consider an CRR model with T =2and parameters
u =1 .07,R=1 .0025,d=0 .90,p=0 .90 and S1
0 =5 0 . Further we deal with
an American put option Ht := (K − S1
t)+ with strike price K =5 4 .04.T h e
value of the option is then Π0(H)=4 .98352 and we will consider a capital
restriction of C =4 .88. The ﬁve linear problems corresponding to this set of






















0.00 0.00 0.000 1.00 1.00 1.00 0.97639
¢
Clearly all the assumption of Fan’s Theorem 12 are fulﬁlled in our case.
Therefore taking {x1,x 2,...,x 5} = X and {y∗
1,y ∗
2,...,y∗
5} ⊂ Y observe for










what dissatisfy the necessary condition (KF) for minimax. Let now x0 =
xi with i 6=4and y0 an optimal vector ( i.e. f (x0,y 0)=f (xi,y ∗
i)=





4) ≥ f (x4,y 0).
and the necessary condition (KF) fell short again. Finally for x0 = x4 and
y0 optimal observe just that
f (x4,y) >f(x5,y) ∀y ∈ Y with f (x4,y)=f (x4,y
∗
4).
Therefore in general the corresponding game do not have a value, what we
state as follow:
Conclusion 13 The game Γ := (X,Y,f) induced by the maximization of
the success ratio from a partial hedge of an American option do not have in
general a value i.e. there is a duality gap.
Observe that if it were not the case, i.e. if the game has a value f∗ = f∗,
we were in the position of computing (x∗,y∗) ∈ X×Y such that (y∗)
tr Px∗ =
f∗ = f∗ and thus the problem (3) were solved.
5 References
N. Bellamy and M. Jeanblack (2000): “Incompleteness of markets driven
by mixed diﬀusion”, Finance ad Stochastics 4, pp. 209 - 222.
F. Black and M Scholes (1973): “The pricing of options and corporate
liabilities”, Journal of Political Economic 81 No. 3, pp. 637-655.
J. C. Cox, R. A. Ross y M. Rubinstein (1979): “Option pricing: A sim-
pliﬁed approach”, Journal of Financial Economics 7 No. 3, pp. 229 - 263.
19J. Cvitani´ c (1999): “Methods of partial hedging”; Asia-Paciﬁc Financial
Markets Vol. 6 No. 1, pp. 7 - 35.
J. Cvitani´ c (2000): “Minimizing expected loss of hedging in incomplete
and constrained markets”, SIAM J. Control & Optim. Vol. 38 No. 4, pp.
1050 - 1066.
J. Cvitani´ c and I. Karatzas (1999): “On dynamic measures of risk”, Fi-
nance and Stochastics 3, pp. 451 - 482.
F. Delbaen and W. Schachermayer (1994): “A general version of the
fundamental theorem of asset pricing”, Math. Annalen 300, pp. 463 - 520.
E. Eberlein and J. Jacod (1997): “On the range of options prices”, Fi-
nance and Stochastics 1, pp. 131 - 140.
K. Fan (1953): “Minimax Theorem”, Proc. Nat. Acad. Sci. USA 39, pp.
42 - 47.
F. Forgó and I. Joó (1997): “Necessary conditions for maxmin = min-
max”, Acta Math. Hungar. 77, pp. 123 - 135.
H. Föllmer and P. Leukert (1999): “Quantile hedging”, Finance and
Stochastics 3, pp. 251 - 273.
H. Föllmer and P. Leukert (2000): “Eﬃcient hedging: Cost versus short-
fall risk”; Finance and Stochastic 4, pp. 117-146.
H. Föllmer and A. Schied (2002): “Stochastic Finance: An Introduction
in Discrete Time”, De Gruyter Studies in Mathematics, Berlin New York.
P. Guasoni (2002): “Risk minimization under transaction costs”, Finance
and Stochastics 6, pp. 91 - 113.
20I. Karatzas (1997): “Lectures in Mathematical Finance”, Providence:
American Mathematical Society.
J. Kindler (1990): “On a minimax theorem of Terkelsen’s”, Arch. Math.
Vol. 55, pp. 573 - 583.
J. Kindler (1993): “Intersection theorem and minimax theorems based
on connectedness”, J. Math. Anal. Appl. 178, pp. 529 - 546.
J. Kindler and R. Trost (1989): “Minimax theorem for interval spaces”,
Acta Math. Hung. 54, pp. 39 - 49.
R. N. Krutchenko and A. V. Melnikov (2001): “Quantile hedging for a
jump-diﬀusion ﬁnancial market model”, Trends in Mathematics, pp. 215 -
229.
P. Leukert (1999): “Absicherungsstrategien zur Minimirung des Verlus-
trisikos”, Dissertation, Humboldt-Universität Berlin.
M. Mnif and H. Pham (2001): “Stochastic optimization under constraints”,
Stochastic Processes and their Applications 93, pp. 149 - 180.
Y. Nakano (2003): “Minimizing coherent risk measures of shortfall in
discrete-time models with cone constraints”, Applied Mathematical Finance,
Vol. 10, Number 2, pp 163-181.
Y. Nakano (2004a): “Minimization of shortfall risk in a jump-diﬀusion
model”, Statistics & Probability Letters, Vol. 67, Issue 1, pp. 87 - 95.
Y. Nakano (2004b): “Eﬃcient hedging with coherent risk measure”, Jour-
nal of Mathematical Analysis and Applications, Vol. 293, Issue 1, pp. 345 -
354.
J. von Neumann (1928): “Zur Theorie der Gesellschaftspiele”; Math.
Ann. 100, pp. 295 - 320.
21A. A. Novikov (1999): “Hedging of options with a given probability”,
Theory of Probability & Its Applications Vol. 43 No. 1, pp. 135-144.
T. Parthasarathy (1965): “A note on a minimax theorem of T.T. Tie”,
Sankhya Series A 27, pp. 407-408.
H. Pham (2000): “Dynamic Lp-hedging in discrete time under cone con-
straints”, SIAM J. Control and Optim. Vol. 38, pp. 665 - 682.
H. Pham (2002): “Minimizing shortfall risk and applications to ﬁnance
and insurance problems”, The Annals of Applied Probability, Vol. 12, No.
1, pp. 143 - 172.
M. Schulmerich and S. Trautmann (2003): “Local expected shortfall-
hedging in discrete time”, European Finance Review 7, pp. 75 - 102.
O. Schwarz (1996): “Absicherungsstrategien mit maximaler Erfolgswahrschein-
lichkeit für Optionen bei vorgegebenemAnfangskapital”, Diplomarbeit, Hum-
boldt Universität Berlin.
G. Spivak and J. Cvitani´ c (1999): “Maximizing the probability of a per-
fect hedge”, The Annals of Appl. Prob. 9, pp. 1303 - 1328.
W. Takahashi (1976): “Nonlinear variational inequalities and ﬁxed point
theorems” J. Math. Soc. Japan Vol. 28 No. 1, pp. 168 - 181.
F. Terkelsen (1972): “Some minimax theorems”, Math. Scand. 31 (1972),
pp. 405 - 413.
M. Xu (2004): “Minimizing shortfall risk using duality approach - An ap-
plication to partial hedging in incomplete markets”, Ph.D. Thesis, Carnegie
Mellon University.
22